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ABSTRACT: We evaluate the translational diffusion coefficients and longest relaxation times for entangled 
linear n-mers, for f-arm star branched polymers (nb-mers/arm), and for cyclic (closed ring) polymers (nR-mers) 
in a fixed entanglement network and also in a melt of entangled linear p-mers. “Tube-renewal” effects for 
the latter case are reexamined, taking into account both hydrodynamic interactions and especially the 
interdependence of p-mer constraints about a diffusing n-mer; the characteristic tube-renewal time in this 
case becomes ‘ T ~ ~  - n2p6I2, in contrast with earlier proposals. At very high n values one expects an unscreened 
form for the tube-renewal time, - n3I2p3, equivalent to the “hydrodynamic sphere” diffusion of the n-mer 
in the p-mer melt. The diffusion coefficients and longest relaxation times for stars in a fixed entanglement 
lattice are calculated with a diffusion equation approach as D, - nb-l exp(-cmb/n,) and T, - nb exp(anb/n,), 
with LY a constant and n, the entanglement degree of polymerization, a form similar (in the dominant exponential 
term) to earlier calculations. For rings the corresponding expressions are D R  - exp(-pnR/n,) and T~ - 
exp(@nR/nc), where @ 5 a, though these are limiting forms valid for high nR (520nc); at lower nR values ring 
polymers may exhibit a quasi-linear behavior. When incorporated in melts of linear p-mers, the diffusion 
and relaxation of both stars and rings is dominated-for nb and n R  greater than some crossover value of order 
lOn,-by tube-renewal effects mediated by reptation of the linear melt matrix. 

I. Introduction 
The essential topological constraint on a polymer mol- 

ecule in an entangled solution or melt is that it may not 
pass through adjacent segments. The replacement of this 
condition by confining the motion of any given molecule 
to a “tube” defined by entanglements with its neighbors 
has proved to be a fruitful approximation;lP2 for the case 
of linear polymers the resulting translational diffusion of 
the molecules (and the slowest relaxation processes) takes 
place by reptation, and this concept forms the basis of 
current molecular theories of vi~coelasticity.~~ Although 
viscoelastic measurements are straightforward to carry out 
and reasonable (but not complete) agreement with theory 
has been observed: translational diffusion studies may 
provide a more direct test of the reptation approximation. 
Several independent approaches, including IR microden- 
sitometry,’ optical  technique^?^ NMR’OJl methods, and 
neutron12 and nuclear scattering techniques,13J4 as well as 
computer simulation studies,16 have confirmed16 that the 
translational diffusion coefficient D(n) of entangled linear 
n-mers varies as 

D(n) a n-2 (1.1) 

in agreement with the reptation p r e d i ~ t i o n . ~ , ~  Strictly 
speaking, eq 1.1 should apply to reptation of a flexible 
chain in fixed surroundings or a fixed ”tube”; for a non- 
cross-linked, entangled polymer solution or melt the tube 
itself is defined by intersections with the mobile neighbors 
of any enclosed molecule, so that it may, over a time 7tube, 

renew its configuration. It was argued, ho~eve r ,~J ’ J~  that 
for the case of limitingly long linear molecules one would 
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have 7tube >> 7,ep, the time for a molecule to renew its 
configuration by reptation, so that tube-renewal effects 
would be unimportant in entangled linear systems of 
sufficiently high n. More direct s ~ p p o r t ’ ~ J ~  for the 
weakness of tube-renewal effects in such systems has come 
from diffusion studies of a linear n-mer in a series of 
chemically identical p-mer melts, which showed D(n) to 
be independent of p (for p 2 3pc, p c  being the critical 
length for onset of entanglements). There have also been 
theoretical modifications to the concept of “fixed tubesn, 
based on the idea of constraint release as entangling 
molecules diffuse a w a ~ . ~ J ~ J ~  These modifications do not 
in general change the original power-law predictions of the 
reptation model in the limit of high n (e.g., eq 1.1) in 
systems of linear homopolymers. 

Considerably less is known, both theoretically and ex- 
perimentally, for the case of entangled nonlinear mole- 
cules, such as star-branched or cyclic polymers. For such 
molecules reptation is expected to be severely suppressed,% 
and “tube renewal” may come to dominate the longest 
relaxation processes. For this reason, studies of the dif- 
fusion or relaxation of nonlinear molecules in an entangled 
linear matrix may give more direct information on tube- 
renewal processes than a corresponding study in a fully 
linear system. 

A number of treatments of the diffusion and relaxation 
mechanisms of entangled star-branched polymers have 
been given. The essential idea was first presented by de 
Gennes,2O who considered the motion of a symmetric f-arm 
star with nb monomers/arm, moving in a fixed lattice of 
noncrossable obstacles. We shall frequently find it con- 
venient to work in terms of 

N = n/n, (or N b  = nb/nc) 
the mean number of entanglement lengths or primitive 
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la1 l b l  ( C )  

Figure 1. Illustration of the basic diffusion step where the center 
monomer C is essentially fixed over an arm-retraction process. 
6 is the size of the “step” from the original (+) to the new position 
of C: (a) starting configuration, (b) an arm has fully retracted 
within its original tube, and (c )  can take a step into a new to- 
pological environment. 

path units3 along an entangled n-mer (or nb-mer), where 
nc(=pc) is the critical degree of polymerization for entan- 
gled behavior; this is a more natural unit of length for 
entangled polymers, as recognized by earlier  worker^.^^^ 

Translational 
diffusion can only take place when an arm retracts, without 
crossing through any of the obstacles, as shown in Figure 
1, to the position of the center monomer and then moves 
out again. This would move the center monomer by a 
lattice spacing or a tube diameter 6 (equal to size of the 
primitive path step) in the representation of Figure 1. de 
GennesZ0 calculated the probability Pl(Nb) of an Nb arm 
folding back on itself as in Figure l b  as 

The basic step is shown in Figure 1. 

Pl’(Nb) cc exp(-aNb) (1.2) 

with a a constant (where the prime indicates a temporary 
relation to be superseded, both for the case of P1 and for 
other quantities), and proposed that the rate of such steps 
would be proportional to the static probability P1’. From 
this he conjectured a characteristic time Tsl’(nb) for the arm 
relaxation 

T,l’(nb) = 7rep(nb)/P1’(Nb) (TO/nc)nb3 exp(aNb) (1.3) 

where Trep(nb) = nb3(70/n,) is the corresponding reptation 
time for a linear nb-mer and T~ is a microscopic jump time 
(independent of chain length and defined in section 11). 
Since the center monomer moves by an independent sto- 
chastic step of size 5 over the time rs<, the corresponding 
translational diffusion coefficient is 

Dsl’ t 2 / T , 1 ’  = (nc[2/70nb3) eXp(-aNk,) 
(D,ep(nb)/Nb) exp(-aNb) f = 3 (1.4) 

where Drep(nb) is the reptation diffusion coefficient for a 
linear nb-mer. Doi and Kuzuu21 (using a different ap- 
proach) also obtained a relation similar to eq 1.3 for an arm 
relaxation time. Recently Graes~ley,~ in a further modi- 
fication of the essential idea of Figure 1, suggested 

Dsl’ (12/Te(nb)) eXp(-aNb) = 
(52/~0nb2) eXp(-aNb) f = 3 (1.5) 

where the characteristic time for a step 6 as in Figure 1 
is now taken to be Te(nb) = the equilibration time 
of a linear nb-mer within a tube (equivalent to its Rouse 
relaxation time). Pearson and Helfand,22 using the de 
Gennes picture and treating the arm retraction as a dy- 
namic process in a potential well similar to that proposed 
by Doi and Kuzuu, obtained a longest relaxation time for 
the arm of the form 

T,1’ a Nb3I2 eXp(CdVb) 

The central assumptions of these treatment were (i) the 
topological environment about the star molecules was fixed 
(i.e., no tube-renewal effects), and (ii) the center monomer 
is essentially fixed over an arm relaxation time T ~ ~ ’ .  

Table I 
Summary of Power Exponents for Self-Diffusion and 

Arm-Relaxation-Time Expressions for f = 3 
Dsl’ a NbS exp(-aNb) rsl’ N i  exp(aNb) 

9 t ref 
-3 3 20 

3 21 
-2 5 

- 5 1 ~  j I 2  23 
24 -0.6 (f0.l) 1.9 (f0.1) 

3 / 2  2 2  

In a recent review, MarrucciZ3 considered the case of star 
diffusion and relaxation where the center monomer is 
allowed to move and evaluated the star relaxation time as 

T , ~ ’  a nb5/’ exp(aNb) (1.6) 

with a diffusion coefficient 

Dsl’ P / T S l ’  (1.7) 

Very recently Needs and Edwards24 extended earlier 
work by Evans and Edwards15 on a computer simulation 
of the diffusion and relaxation of a three-arm star branched 
polymer moving in a regular lattice of fixed noncrossable 
obstacles. For their translational diffusion coefficient D,, 
they found a best fit to their data of the form 

D, a Nb-o’6 exp(-BINb) (1.8) 

with B1 a constant (= 0.3) whose value was close to that 
calculated for their lattice. 

These results, all of which have a power-exponential 
form in Nb for both the arm relaxation time and the dif- 
fusion coefficient, are summarized in Table I. 

The main experimental indications as to the molecular 
mechanism by which entangled stars relax have so far come 
mostly from viscoelastic dataFZ5 primarily (for the longest 
relaxations) the variation of zero shear rate viscosities vOs 

a nb-’TS1(nb), where f,l(nb) is the overall relaxation time 
of one arm. A detailed review of the experimental situation 
will not be given here, but we note that the variation of 
voe(nb) with nb is in general considerably faster than a 
simple power law and is indeed fitted quite well by ex- 
ponential relations as in eq 1.3.22 In the present paper we 
consider the diffusion and relaxation mechanisms of en- 
tangled, symmetric f-arm star-branched molecules and of 
entangled ring polymers. In section I1 we set up our model 
and review reptation and tube renewal for a linear n-mer 
in a linear p-mer melt; in particular we reexamine the 
assumption of independence of tube-defining constraints 
and the nature of hydrodynamic interactions in the case 
of ”tube renewal”. In section I11 we consider mechanisms 
for diffusion of branched and cyclic (ring) polymers in an 
environment of fixed entanglements, and in section IV we 
extend this to the case of an environment consisting of a 
linear melt, where tube-renewal effects may be important. 
A brief account of some of these results has appeared 
earlier.26*27 The case of a melt of stars or cyclic polymers 
is more subtle and is briefly discussed in the final section. 

A comment is in order concerning the neglect of exact 
numerical coefficients and the proliferation of 
“approximately equal to (e)” signs in our treatment. The 
question of precise preexponential factors in molecular 
models of polymers is challenging and is the subject of 
considerable ongoing effort;% however, the deepest insight 
into molecular mechanisms in polymers has often come 
from comparison of experiments with power-law and ex- 
ponential-law-that is, relative-predictions rather than 
with absolute values. It is these aspects of our treatment 

with nb in star melts. In general one e ~ p e ~ t s ~ ~ ~ ~ ~ ~ - ~ ~  vos(nb) 
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Figure 2. Schematic representation (not to scale) of an n-mer 
in a p-mer melt. The small black points are sections through the 
p-mer neighbors about the n-mer, separated by approximately 
a monomer size 1. The tube represents the root mean square 
lateral freedom of the n-mer and has a diameter [ = n,‘R It 
is represented as being defined by the locus of entanglements with 
“effective constraints” (open, crossed circles) a mean distance [ 
apart. 

that we stress, and in the present discussion we shall ignore 
preexponential numerical factors of order T ,  in order not 
to obscure the main line of our argument; some of the more 
detailed calculations are relegated to Appendices. 

11. Linear n -mer in a p-mer Melt 
Our model is illustrated in Figure 2. This consists of 

a chain with n freely jointed monomers, each of size 1, in 
a melt of chemically identical p-mers. Qualitatively we 
regard the “tube” about any molecule as defining the root 
mean square lateral freedom of motion of the molecule in 
the presence of its neighbors. The tube diameter [ is then 
the extent of this freedom and has been estimated as 
typically several nanometers in linear polymer melts.29 
Clearly the volume pervaded by a “tube” in this sense (for 
a melt) is threaded by large numbers of p-mer neighbors 
(Figure 2), whose contours are noncrossable and which 
provide constraints of some sort on the lateral motion. In 
the present model, however, we replace this picture by the 
usual assumption of one effective entanglement constraint 
every n, monomers along the n-mer, as indicated in Figure 
2. The tube confining the n-mer may then be considered 
as a random walk consisting of N = (n/n,) steps (primitive 
path steps in the Doi-Edwards terminology). The tube 
“diameter” is 

6 = nC1J21 (11.1) 

the typical separation between the effective entanglement 
points, and that is also the size of a primitive step. The 
end-to-end distance of the n-mer (assuming ideality) is 
equal to that of the confining tube and is 

(11.2) 

Reptation. The mobility of the linear n-mer in curvi- 
linear motion within its fixed tube is B(n) = Bo/n where 
Bo is the mobility per monomer. By an Einstein fluctua- 
tion-dissipation relation, the corresponding curvilinear 
diffusion coefficient is given by17 

D,(n) = B(n)kT = BokT/n (11.3) 

The contour length of the tube is given by the “fully 
stretched” length of the primitive path 

Ltube(N) = N[  = nl/n,1/2 (11.4) 

The time for the n-mer to diffuse curvilinearly down one 

R2(n) = n12 = (n/n,)t2 = N12 

I 
n-mer contour 

Figure 3. Schematic illustration of the basic tube-renewal step. 
A p-mer neighbor (pl is the section through it) of the n-mer chain 
reptates away, and a constraint on the lateral motion of the n chain 
at the position of p1 is relaxed. This may lead to a change in the 
mean local lateral freedom of the n-chain at that point, represented 
as a small distortion of the tube (thin broken line). 

tube length (the reptation or disengagement time) is then 
given by 

~ , , ~ ( n )  = LtUb,2(N)/20, = n370/n, (11.5) 

where T~ = 12/2BokT is a (microscopic) segmental jump 
time. Over a time Trep(n), the root mean square dis- 
placement of the center of mass of the n-mer will be R(n), 
so that the translational diffusion coefficient is 

D,,,(n) = R2(n)/Trep(n) = n,12/n270 (11.6) 

as has been experimentally confirmed in a variety of sys- 
tems.I6 
Tube Renewal. We briefly review the main idea:17 the 

elementary step is indicated in Figure 3. Whenever any 
neighboring p-mer molecule such as p1 reptates away (over 
a time 7,,&~)), a real topological change in the tube may 
result and the tube contour may change by a small amount. 
Although constraints such as p1 are essentially continuous 
along the n-mer (every monomer), their overall effect is 
generally represented as one effective constraint (or some 
other small number5) every n,-mers, and models of tube 
renewal have assumed that this effective constraint itself 
relaxes with a characteristic time comparable to 7,,,(p). 
There is no evidence that there in fact exists some unique 
entangling p-mer every pc  (or n,) monomers in a melt; for 
example, the Doi-Edwards t h e ~ r y , ~  which provides a de- 
tailed description of viscoelastic properties of entangled 
linear melts, assumes only the existence of constraints on 
the lateral freedom of motion of any molecule. Such 
constraints (the tube) need not be localized at any specific 
point, as for example by unique entangling molecules. We 
shall however continue-for convenience-to represent the 
tube by effective constraints that occur once every n,-mers 
(a more detailed treatment has been given earlierz6). 

In earlier treatments the constraint relaxation time was 
taken as 

7,‘ N  rep(^) = (70/pc)p3 (11.7) 

with an associated characteristic local tube change equal 
to 6, the tube diameter (or effective entanglement spac- 
ing).@ The tube was treated as a Rouse comprising 
N = n/n, independent submolecules, each with the 
characteristic hopping time 7; and a longest relaxation 
time 

taken as the time required for a tube to renew its config- 
uration by steps as in Figure 3.17 

The assumption of independent constraints is not 
necessarily correct, as already n ~ t e d . ~ ~ , ~ ~  Let us break up 
the n-mer (n 1 p ,  say) into n /p  blobs, each with p mo- 
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Ttube(RT)R w7, = w7,ep(~)~-”2 = (~~/~/nnC2)r , ,~(n)  
(11.12) 

on substituting for 7, from (11.91, and the tube-renewal 
diffusion coefficient is 

Dtube(h?R R2(n)/7tube(lV)R = ( n n , 2 / ~ ~ / ~ ) D ~ , , ( n )  
(11.13) 

From (11.13) we see that diffusion by (Rouse) tube re- 

n* = p5/2nc-2 (11.14) 

In highly entangled matrices (p >> p,) the crossover 
value for n becomes large and suggests the possibility% that 
the motion of the n-mer via tube-renewal steps may not 
be hydrodynamically screened (which is the assumption 
underlying the use of the Rouse model above for tube- 
renewal dynamics) but rather may behave in a non-free- 
draining or unscreened manner.31 There are two ways of 
looking at this. In a purely formal sense we may depict 
the tube-renewal process (Figure 3) in terms of a Zimm 
model.31 Consider now the Zimm “hydrodynamic coupling 
parameter” h (where h << 1 or h >> 1 for free-draining 
(screened) or non-free-draining (unscreened) behavior, 
respectively); in our notation, with a tube of N segments 
each of size f = n,1/21 and a mobility p,  we have (ref 31, 
eq 69, ignoring numerical constants) 

h = N1/2p-1/n,1/21~(p) (11.15) 

where 103) is the viscosity of the p-mer matrix. For purely 
reptating p molecules, the viscosity is given by3 

v(P) N E T r e p b )  (11.16) 

where E is the elastic modulus of the entanglement net- 
work associated with the p chains 

E = kT/p,13 (11.17) 

Inserting the expressions for p, ~(p) ,  7,, and E (eq 11.11, 
11.9, 11.16, and 11.17) into (11.15), we find 

h = p;l(n/p)’i2 (11.18) 

newal is dominant whenever n >> n*, where 

Thus for sufficiently large n > n**, where 
n** = pp; (11.19) 

we expect unscreened or Zimm-like tube renewal. (We 
note however that for typical values of pc (0(102)) the 
transition to the unscreened limit occurs a t  n values that 
may be unattainable in practice.) 

The second approach to understanding the nature of the 
unscreened behavior of the n-mer in the tube-renewal 
mode involves a more basic consideration. The motion of 
any polymer segment, in an overlapping polymer solution 
under force f, creates a backflow velocity 6v at r, which 
in the absence of screening has the form 

e *  

Figure 4. An n-mer in a p-mer melt will be in contact with 
segments from p-mer molecules whose centers are within ap- 
proximately one p-mer radius of the n-mer molecule. Roughly 
speaking, these p-molecules must have their centers within ‘blobs” 
of radius R ( p )  = p’/*1 centered on the n-mer contour. 

nomers,4l Figure 4; then the number pi of different p 
molecules contributing to constraints on the n molecule 
within each blob is roughly the number of p-mers with 
centers originating in the blob volume, Le., pi N 031/21)3/p13 
= p1i2 independent molecules. Since the section of n-mer 
within a p blob is itself p monomers long, it will be in 
contact with p neighboring segments such as p1 (Figure 
3). But only pi of these are independent; i.e., each of the 
pi p-mers in a blob contributes on average p/pi neighboring 
segments to the n-mer within the blob, for a total of p 
neighboring segments in all. Each time that a p molecule 
reptates away, p/pi neighboring segments of the n-mer wil l  
“disappear”: the effective disappearance frequency of these 
neighboring constaints will thus be increased by a factor 
PIPi, and their relaxation time 7, will then become 

(11.9) 

It is not obvious that a similar consideration must apply 
to the “disappearance” rate of effectiue entanglement 
constraints, which are taken to occur every n,-mers and 
which make up the Rouse tube. Thus, if these indeed 
consisted of individual uniquely entangling p molecules, 
there would be plp, of them in a blob, and as long as 

(11.10) 

the effective constraints may be assumed independent (as 
in earlier t rea tment~~l~’ , ’~ i~~) .  The condition in (11.10) in 
fact holds in all practical circumstances. (It only breaks 
down for p >> p,“, i.e., p >> lo4 monomers for typical values 
of p, = 0(102) monomers. Such high degrees of polym- 
erization are exceptional.) In this case the relaxation time 
for effective constraints remains - 7,ep(p) rather than 7,. 

The other view (which we adopt here) is to regard each 
of the N = n/n, effective constraints on the n-chain as in 
some sense a combined effect of the n, neighboring seg- 
ments on each “entanglement length” of the n-chain, with 
a mean relaxation time 7, equal to that of these neigh- 
boring segments (eq 11.9). I t  is not a t  present possible on 
experimental ground to say which view (if either) is correct; 
in the present treatment we shall assume an enhanced 
relaxation rate for the effectiue constraints given by eq 11.9 
rather than by eq 11.7. 

The corresponding ”mobility” p of each effective con- 
straint (equivalent to the “bead mobility” in the Rouse 
model) is associated with the jump of size 4 over the time 
rc and is given by 

P/P, << Pi = P1I2 

p = E2/7,kT (11.11) 
The longest relaxation time in the Rouse model now be- 
comes 

1 1  
6 v f f - -  

10 r 
(11.20) 

where qo is the solvent viscosity. The presence of addi- 
tional segments reduces the magnitude of this backflow 
field to a form 

6u N (l/r)e+ (11.21) 

The screened form has been considered by Edward and 
Freed32 and arises because of the small monomer concen- 
tration fluctuations at  the positions of the screening seg- 
ments; the net result is that over dimensions much larger 
than the segment-segment correlation distance 1/ A, the 
backflow field becomes negligible, and the free-draining 
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Rouse model is essentially applicable. Our present con- 
jecture is that in the melt (over sufficiently large spatial 
scales) one returns to the unscreened (or non-free-draining) 
from (11.20) but where qo is now the viscosity of the melt 
medium itself (see also ref 33). In this case one expects 
the usual Zimm relations to hold in the limit of large N .  
It is important to note that this picture is of relevance only 
when it is the tube-renewal mechanism that determines 
the entangled n-mer dynamics, since it is then that lateral 
processes (Figure 3) are dominant. For the usual reptation 
mechanism ( N  P >> 1) the determining motion is cur- 
vilinear, and one expects backflow effects to be small2 (in 
head-on motion only a small perturbation of the medium 
is required for translation of the molecule). 

In the limit of very large NIP, therefore, we may replace 
the free-draining, or screened, Rouse30 values for Dtub (eq 
11.13) and Ttube (eq 11.12) by their Zimm  counterpart^^^ 

(11.22) 

Daoud and de Gennes have pointed out18 that for an 
n-mer diffusing in a given p-mer melt, in the limit of large 
n, the n-mer must behave like a hydrodynamic sphere of 
radius R(n) moving within a continuous medium. In this 
case its diffusion coefficient reverts to a Stokes-Einstein 
form 

DsE(N) = kT/Gndp)R(n) (11.24) 

We note that this form is essentially identical with that 
of the screened tube-renewal diffusion coefficient (eq 11-22) 
applicable in the limit of large n/p. 

To summarize: for a linear n-mer in a linear p-mer melt 
(n,p >> p , )  we expect enhancement of the rate of release 
of topological constraints about the n-mer due to the in- 
terdependence of its p-mer neighbors. On the assumption 
that a similar enhancement applies to the rate of effective 
”entanglement constraint” release, a number of regimes 
are indicated: 

(i) In homopolymers n N p, we see from eq 11.13 that 
self-diffusion and relaxation are dominated by reptation 
for all p > pC4l3, i.e., above a few entanglement lengths. 

(ii) For pc << p 5 n* = p5/2p;2 (eq 11.14) the behavior 
of the n chain is dominated by reptation (with tube re- 
newal only a minor contributing mode), and is charac- 
terized by Dre,(n) and rrep(n) (eq 11.6 and 11.5). 

(iii) For n >> n*, tube renewal (Rouse-like) becomes 
dominant, with a diffusion coefficient and longest relax- 
ation time given by Dtube(N)R and Ttube(N)R (eq 11.13 and 
11.12, respectively). 

(iv) At very large n values, n > n** = pp?, (eq 11.19) the 
tube-renewal steps become effectively unscreened and the 
Zimm expressions DtUb(N)z and Ttube(N)Z apply (eq 11.22 
and 11.23). These have essentially the same form as the 
Stokes-Einstein hydrodynamic sphere limit noted by 
Daoud and de Gennes. Comparison of D t u b e ( N R  with 
DtUh(Nz shows a self-consistent crossover between them 
at  the same value of n = n** (i.e., non-free-draining 
tube-renewal dynamics dominate a t  n > n**). 

What of the limit p >> n > p,? The number of neigh- 
boring p-mers in contact with the n-mer is of order n, while 
the number of independent p-chains is still p L  pliz, the 
number of p-mers in a p-blob. If p1l2 > n, the probability 
of neighbor interdependence (Figure 4) becomes low and 
the relaxation time of effective entangling constraints re- 

A 3  ?=e ’O 

(C) 

Figure 5. An alternative mechanism for center-of-mass diffusion. 
The center monomer C of a star starting with configuration (a) 
moves down one of the arm tubes, “dragging” the other arms with 
it (b) until (c) they are fully retracted past the original position 
of C(+). The arms can now return to new topological configu- 
rations (d), allowing C to make a diffusive step .$. 

verts to the value 7,‘ N 7rep(p). For linear n-mers this 
makes little difference, since for n C p the behavior of the 
n-mer is in any event dominated by reptation in the es- 
sentially fixed p-mer surroundings. However, for nonlinear 
n chains (stars and rings) in a linear environment, where 
reptation of the n-mer is suppressed, tube renewal may 
become dominant even at n << p. In the present treatment 
we assume that the limit p > n2 is not attained and that 
the more rapid constraint relaxation time T ,  is applicable. 

111. Diffusion of f-Arm Stars and of Cyclic Ring 
Polymers in a Fixed Obstacle Lattice 

f-Arm Stars. In addition to the mechanism proposed 
by de Gennes and described in section I (and Figure 11, 
there is another mode of motion by which the center 
monomer of an f-arm star may take a stochastic topological 
step in a fixed-obstacle field. This is illustrated in Figure 
5 (where f = 3 for clarity) and involves motion of the center 
monomer C a distance q2 primitive steps down one of the 
f “tubes” emanating from the center of the star; the other 
(f - 1) arms are “dragged behind C, as shown (Figure 5b). 
Whenever the ends of the (f - 1) arms being dragged up 
a given tube pass the original position of the center mo- 
nomer (Figure 5c), they completely escape their original 
tubes, and a real stochastically independent step 5 can be 
taken by the center monomer (Figure 5d). 

We wish to evaluate the overall expectation time (7) for 
the process illustrated in Figure 5c to occur; i.e., for q2 - 
Nb. To do this we note that the motion of C up an arm 
(i.e., in an increasing q2 direction) is opposed by an entropic 
force.20 Qualitatively, the origin of this entropic force is 
easy to appreciate: suppose C moves one step up an arm; 
i.e., q2 - q2 + 1. Then the “leading” branch end, ( A l ,  
Figure 5 )  has a choice of z (say) new positions it can adopt 
and an entropy gain A S  N_ k In z. On the other hand, the 
reverse step q2 + 1 -+ q2 allows each of the ends (A2, A3, 
etc.) of the (f - 1) other branches a choice of z new posi- 
tions, with an entropy gain A S  E k ( f  - 1) In z ,  Le., a net 
entropy gain k(f - 2) In z for a backward step (Figure 6). 
This implies that the motion of C in an increasing q2 di- 
rection is opposed by a force whose origin is entropic and 
results in an effective potential field U(q2). The qualitative 
argument just given would result in 

6U’(q2) N TAS = kT(f - 2) In z (overestimate) 
(111.1) 



110 Klein Macromolecules, Vol. 19, No. 1, 1986 

In practice this is an overestimate, since it is possible for 
the center monomer to take a backward (q2 + 1 - q2) step 
by a "doubling up" of segments along an arm contour 
without the motion of an arm end (Figure 5c). 

A better estimate for U(q2) is obtained by considering 
the equilibrium probability P2(frq2) that (f - 1) arm seg- 
ments, each qz steps in length, occupy part of a single 
"tube" as in Figure 5b. Now the de Gennes expression for 
P,'(q), eq 1.2, gives the equilibrium probability that a q-step 
walk folds back on itself without enclosing obstacles or, 
equivalently, that two walks, each of q/2 steps, occupy a 
single tube. This leads us to expect an equilibrium 
probability P2 for cf - 1) walks, each of size q2,  of the form 
PAf,qz) = Pl'(2qz(f - 2)) = A exp(-%Af - 2)a) (111.2) 

where A is a normalization constant42 independent of q2, 
Recently the probability Pl(N) that an N-step linear chain 
retraces its contour without enclosing any obstacles (on 
a lattice) has been recalculated22~24 and shown to have the 
form 

P1(N N NT3I2 exp(-yl\r) (111.3) 

at large N ,  where y is of order unity and depends on the 
coordination z of the lattice (we shall later identify y with 
the exponential argument CY introduced earlier). 

We now estimate 6U(q2) = TAS, where A S  is the entropy 
difference between the states q2 and (q2 - l), i.e. 
A s  = S(Pz(f,qJ) - S(P2(f9q2 - 1)) = 

k[ln P2(f,q2) - In Pdf,q2 - 1)1 (111.4) 
where S(P) = -k In P is the configurational entropy of the 
conformation with entropy P. Using the purely expo- 
nential form of P2 (eq 111.2), we find 

6Uq2-q2-1 = -24f - 2)kT (111.5) 

Thus the potential U(qJ opposing the motion of the center 
monomer C is 

(111.6) 

where we have written 1q21 to indicate that C can move up 
any of the f arms: we note that using the power expo- 
nential form of PI (eq 111.3) leads to a small (logarithmic) 
correction to U(q2),  which becomes negligible a t  large q2. 

The problem now becomes that of diffusion of a point 
(Le., the star center C) in the centrosymmetric potential 
field U(q2),  which is governed by the standard diffusion 
equation of a particle in a potential field 

u(q2) = 2aIqzl(f - 2)kT 

where x 2  = q2.$ is the distance corresponding to q2 steps 
of the center monomer down a tube, P(xz,t) dxz is the 
probability that the center monomer is between x 2  and ( x 2  
+ dxz) a t  time t (down any of the f tubes), D, is the cur- 
vilinear diffusion coefficient of the f-arm star (i.e., D2 = 
kT/{, where { is the friction coefficient of the star in 
curvilinear motion), and U(q2) = U(x,) = 2aIx2/EJkT(f - 
2) as given by eq 111.6. The boundary conditions on (111.7) 
are 

P(N&t) = P(-Nb[,t) = 0 (111.8) 
where Nbl is the length of an arm tube. 

Whenever the center monomer C reaches the end of an 
arm tube (e.g., Figure 5c), a stochastic topological step of 
size E may be taken; the corresponding three-dimensional 
diffusion coefficient D,, is then given by 

Dsz N 12/(7) (111.9) 

where ( 7 )  is the expectation time for the first passage 
process q2 - Nb (Figure 5c) to occur. Equation 111.7 is 
solved to yield this expectation time (Appendix I), and its 
dominant term has the form 

( 7 )  7,q  % (Trep(nb)/a2Nb2) exp[!hl\rb(f - 2)] (111.10) 

(omitting a weak preexponential f dependence), where 
Trep(nb) is as before (eq 11.5) the reptation time for a linear 
nb-mer. The corresponding diffusion coefficient is then 
(eq 111.9) 

D,, a2NJIrep(nb) exp[-2~~Nb(f - 2)] (111.11) 

where Drep(nb) is the reptative diffusion coefficient for a 
linear nb-mer (eq 11.6). 

The form of the diffusion coefficient in eq 111.11 differs 
considerably in the preexponential dependence on Nb from 
the forms proposed earlier (e.g., eq 1.4, 1.5, and 1.7 by 
factors Nb to Nb2, respectively). This suggests that we 
should consider the folding in of a single arm, as proposed 
by de Gennes (Figure l), as a dynamic process, obeying 
a diffusion equation similar to eq 111.7. The origin of the 
force opposing the folding back of a chain onto itself 
without enclosing any obstacles (Figure lb) is similar to 
that opposing the motion of the center monomer C up a 
tube (Figure 5b). The gain in free energy 6U = TAS when 
the end of an arm advances one step back onto itself, so 
that the total length of the arm in the non-obstacle-en- 
closing fold (Figure lb) goes from q1 - q1 + 1 primitive 
steps, is given by 
[ J  = T [ W , ( q , ) )  - S(Pl(Q1 - 1))l = 

kT[ln (Pl(ql)) - In (Pl(ql - l))] - LvkT (111.12) 

where we have again used for simplicity the approximate 
(purely exponential) form of Pl = P,' (eq 1.2). This results 
in a potential field opposing the folding back of an arm 
of the form 

U(qJ = alqilkT (III.13a) 

The length of tube occupied by a fold of q1 steps is x1 = 
(q1/2).$, so that we may write the potential field 

U(x l )  = 2culxllkT (III.13b) 

The diffusion equation for the folding up of a single arm 
then has exactly the same form as (111.7) but with different 
conditions. The solution for the expectation time (or first 
passage time) for q1 - Nb, or xl - Nb5/2, is ( 7 )  E 7,1, and 
the corresponding diffusion coefficient DS1 N E2/rS1 is 
similar to that for 7,z and Ds2. We find (Appendix I) 

7,1 = (7rep(nb)/8a2Nb2)e"Nb f = 3 (111.14) 

D,1 = 8azN@r,p(nb) t?Xp(-aNb) f = 3 (111.15) 

For the case of f  > 3, the center monomer can take a 
stochastic step only when (f - 2) arms together retract as 
shown in Figure 1. The main effect of this is to increase 
the exponent in eq 111.14 and 111.15 by a factor (f - 2); there 
is also an effect on the preexponential factor (through a 
weak f dependence). The main difference between the 
expectation times for a topological step associated with the 
single-arm retraction and a fixed center, (Figure 1 and eq 
111.14) and that associated with a moving center and no 
arm retraction (Figure 5, eq 111.10) is the higher exponent 
in the latter case, implying a much slower relaxation at 
large arm length Nb. 

More generally, one might expect the basic diffusion step 
(in a fixed topology of obstacles) to take place by a com- 
bination of the configurations shown in Figures 1 and 5, 
as indicated in Figure 6 (f = 3 for clarity): the center 



Macromolecules, Vol. 19, No. 1, 1986 Dynamics of Entangled Polymers 11 1 

101 I bl 

. .  * .  9 .  

Figure 6. A diffusion step taking place by a combination of the 
processes illustrated in Figures 1 and 5: the center monomer C 
moves partly down an arm (q2 steps) and the remaining (Nb - 
q2) steps of (f - 2) = 1 (in this case where f = 3) of the other arms 
now retract (b) to allow C to make a step of size 

monomer moves q2 steps down one of the arm tubes, 
dragging the other (f - 1) arms with it, and ( f  - 2) of the 
remaining arms then “retract” (Nb - q2) steps each, as in 
Figure 6b. The motion of the end of an arm is then de- 
scribed by a coupled diffusion equation 

(c). 

P(x1,x2,t) = 0 (111.16) 
1 dU(x, ,x2)  - 
kT ax2 

where x1 and x 2  are the fold length (of a retracted arm) 
and the distance moved by the center monomer up a tube, 
respectively (Figure 6), D1 and D2 are the respective dif- 
fusion coefficients (equal to KTlfriction coefficient) asso- 
ciated with such motion, and P(xl,xZ,t)  dx, dx2 is the 
probability of a configuration (xl,xl+dxl), (x2,x2+dx2). A 
topological step may be taken whenever q1 (the number 
of primitive steps in a fold) and q2 (the number of steps 
moved up a tube) obey 

41 + q 2  = Nb (111.17) 
The expectation time for this to happen is evaluated (using 
an adiabatic procedure) in Appendix I1 and is given by 
1, = (7,,p(nb)/12a2Nb2) eXP(aNb) f = 3 (111.18) 

D, = 1 2 ~ t ~ N & ~ ~ ~ ( n b )  exp(-aNb) f = 3 (111.19) 
with a corresponding diffusion coefficient D, N t 2 / r ,  

Comparison of the expectation times T,, (eq 111.14) and 7, 

(eq 111.18) shows that allowing the center monomer to 
move as in Figure 6 makes little difference in the expec- 
tation time for a topological step relative to that for arm 
retraction with a fixed center (Figure 1): the latter process 

*-.*Q* . .  : * . 
. .  

* .  

Figure 7. Possible configurations for a ring polymer in a matrix 
of noncrossable obstacles (sections through which are represented 
by black points): (a) general, obstacle-enclosing; (b) non-obsta- 
cle-enclosing, but ramified, Le., large loops; (c) non-obstacle-en- 
closing, nonramified (small loops only). 

(for a three-arm star in the limit of long arms in ow model) 
takes 50% longer. 

An interesting feature emerges when we consider the 
relevant longest relaxation times T for stress relaxation 
(related to steady-flow viscosity as vo T/nb) for a single 
star molecule in essentially fixed surroundings. For a fixed 
center monomer, T is simply given by T,, as in eq 111.14; 
for a more general mode of motion, for a three-armed star 
(f = 3) ,  the relaxation time is shortened, by the availability 
of additional relaxation modes (Figure 6), to the value T ,  

given in (111.18). However, for f > 3, the probability of a 
center monomer dragging ( f  - 1) arms up a tube (Figure 
5c) decreases rapidly, (e.g., eq 111.2,111.10, and III.11), and, 
especially for long arms, the contribution of processes as 
shown in Figures 5 and 6 (for f > 3 )  becomes negligible. 
Nevertheless, even for f > 3 a star may still undergo stress 
relaxation by single-arm processes, shown in Figure 1, with 
a relaxation time T,, (eq 111.14) as the f arms relax inde- 
pendently and without need for cooperativity. The con- 
clusion is that the relaxation time of three-arm stars in 
a fixed environment (e.g., a star melt-see later) is 
shorter-for a given arm length-by about than the 
corresponding time for f-armed stars with f > 4. Steady- 
flow viscosities for three-arm stars should be correspond- 
ingly lower than for f 2 4 for a given arm length. This is 
a small but systematic effect, though we are not aware 
whether experimental evidence in star melts supports this 
~ r e d i c t i o n . ~ ~  

We should note that for center of mass translational 
diffusion, cooperativity of arms is required, and D, falls 
rapidly with f  

D, N (Y2NbDrep(nb) eXp[-a(f- 2)Nb] f 2 3 (111.19’) 

omitting a weak preexponential f dependence. 
Closed Cyclic Polymers. Closed cyclic polymers in a 

fixed obstacle lattice may either be pinned by obstacles, 
as in Figure 7a, or be “unpinned” in the sense indicated 
in Figure 7b, where the closed cyclic or ring polymer does 
not enclose any obstacles (this possibility was ignored in 
an earlier treatment26). Clearly if pinned, as in Figure 7a, 
the ring molecules may not undergo translational diffusion 
in the usual sense (reptative motion will not “untrap” the 
ring but merely rotate it about its mean position). The 
probability of unpinned configurations as in Figure 7b is 
low and may be estimated as follows. The probability that 
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an NR-step, linear random walk has an end-to-end distance 
r is given by the usual Gaussian expression 

P(r)  = (const/NR3i2) exp[3r2/2NRt2] (111.20) 

(where 5 is the step size) so that the probability that the 
ends of the walk meet, r = 0, is simply 

P(0) = C O ~ S ~ / N R ~ ”  (111.21) 

The probability that the ends meet and the linear NR-step 
walk in addition goes back to the start without enclosing 
any obstacles is given by eq III.322324 

Pl(NR) = ( c o n ~ t / N ~ ~ / ~ ) e + ” ~  (111.22) 

For a ring molecule, however, which may be considered as 
a closed linear random walk, the probability that its “ends” 
meet is clearly unity. By comparison of (111.21) and 
(III.22), therefore, we deduce the form of the probability 
that a closed cyclic NR-step walk does not enclose any 
obstacles as simply 

PR(NR) = (const)e-YNR (111.23) 

The translational diffusion coefficient of that part of the 
ring population that is unpinned (Figure 7b) depends on 
whether the doubled-up configuration is ramified, Figure 
7b, or essentially linear, Figure 7c. The probability PRL(N, 
of the latter case is lower than PR(NR) (eq 111.23), which 
includes all possible ramifications as in Figure 7b. We may 
roughly estimate it (Appendix 111) as 

P R L ( N R )  = (const)e-bNR (111.24) 

where cy 5 ,8 5 201 (Appendix 111). When it is effectively 
linear, the ring polymer wil l  be able to diffuse by reptation, 
with a diffusion coefficient DRL given by 

DRL(NR) Drep(NR/2) (111.25) 

the diffusion coefficient of a reptating linear (NR/2)-step 
polymer (within a factor of order 2). The ring polymers 
with ramified structures (as in Figure 7b) will in general 
have lower diffusion coefficients (in analogy with star- 
branched molecules, for example); it may be shown that 
their overall contribution to the diffusion of the ring 
polymer population will be comparable with DRL, but at  
this level of sophistication we retain only the latter (111.25). 

We may define a relaxation time for a ring in a fixed 
obstacle environment by considering only non-obstacle- 
enclosing rings as in Figure 7c. A characteristic time is 
then given by 

d N R )  = R2(NR)/DRL(NR) (111.26) 

where R(NR) is the size (tip-to-tip) of an NR-step ring; we 
stress that this time is characteristic only of that small part 
of the overall polymer population having zero topology 
(nonramified, as Figure 7c). 

It is important to bear in mind that the expressions used 
for the various probabilities only apply in the limit of large 
N p  At low N R  values the probability of ring configurations 
that are non-obstacle enclosing is much higher than 
PR(NR) (eq 111.23) and may even account for the majority 
of all possible configurations. To get an estimate of how 
long an entangled ring needs to be in order for the prob- 
ability limit PR(NR) to be approached, we proceed as 
follows: the total number of configurations of an NR-step 
ring on a z-coordination lattice is just 

Q(NR) = P(o)zNR (111.27) 

with P(0) given by (111.21) (N large). The number of 
configurations not enclosing any obstacles is 

QR(NR) = P R ( N R ) ~ ~ R  (111.28) 

with PR(NR) as in (111.23) (NR large). At  Q(NR+) N 

~&(NR+),  the number of obstacle-enclosing and non-ob- 
stacle-enclosing ring configurations are comparable. Using 
the large NR limits for both P(0) and PR(NR) to get a first 
estimate of NR+, we have (on substituting for the two 
probabilities) 

2e-YNR+ = (NR+)-312 (111.29) 

which gives (with the more detailed normalization con- 
s t a n t ~ ~ ~ , ~ ~  in P(0) and PR(NR) and on putting y = a N 

0.6-0.7, Appendix 111) 

NR’ 8-10 (111.30) 

Thus for ring lengths of up to about N+ = 10 entanglement 
lengths a considerable proportion (of order 50% or more) 
of the ring population in an entangled melt may be non- 
obstacle-enclosing. For NR >> NR+ this proportion rapidly 
approaches the limit PR(NR). 

IV. Star and Ring Polymers in a Linear p-mer 
Melt 

A central assumption in considering the behavior of 
entangled star and ring polymers in a linear polymer melt 
is that their motion will be a combination of the two (in- 
dependent) extremes treated in the previous sections, that 
is, curvilinear motion in fixed “tubes” and a general 
(Rouse-Zimm type) motion controlled by the relaxation 
of the “tubes” themselves. The transition between the two 
types of behavior will be characterized by certain crossover 
dimensions of the nonlinear molecules. 

We shall make use of the fact that the diffusion coef- 
ficient and longest relaxation time for an ideal f-arm, 
nb-merlarm star are essentially identical with those of a 
2nb-mer linear molecule in both the screened (Rouse) and 
unscreened (Zimm) limits,% while for an ideal nR-mer ring 
molecule the dilute solution diffusion coefficient and 
longest relaxation times are closely similar (within a factor 
of 3) to those of a linear nR-mer in both limits.35 

Stars. For a symmetric fnb-mer star in a linear p-mer 
melt we shall have an overall diffusion coefficient given 
by the sum for the two processes 

Ds(f,nb$) = Ds(f,Nb) + Dtube(2Nb) (Iv.1) 

with D,(f&b) given by (111.19’); &,,b,(2Nb) is given either 
by (11.13) for Rouse-like behavior (nb 5 n**) or by (11.22) 
for nb >> n** (Zimm-like tube renewal). At  low nb values 
the exponentially suppressed reptation coefficient D, ap- 
plies, while for larger arm lengths tube renewal is the 
dominant mode. The crossover will occur a t  nb*, where 

Ds(f,Nb*) = Dtube(2Nb*) (IV.2) 

where Nb* = (nb*/nc). Assuming Rouse-like tube renewal 
and substituting from (111.19) and (11.13), we have 
a2Nb*Drep(nb*) exp[-db*Cf - 2)] = 

Nb*pc’i2~5izg,,,(nb*) (IV.3) 

dropping small numerical prefactors as usual. Taking p c  
to be 100 monomers, a typical value for synthetic linear 
polymers, and cy as 0.6-0.7 (a value suggested both by 
lattice calculations and by fitting to viscoelastic date),22r25 
we find 

2-16 Nb* N - 
(f - 2) 

(IV.4) 

for p in the usual range 3-200 entanglement lengths. 
Because of the exponent in (IV.3), the crossover value Nb* 
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is not very sensitive to the numerical prefactors (which 
were dropped from (IV.3)). 

We note that, a t  the crossover, (i) nb* << n** (eq 11.19), 
implying that Rouse tube renewal self-consistently applies, 
and (ii) there is considerable interdependence of p neigh- 
bors about the nb*-arm; Le., even at the largest p values, 
p1lz << nb*, so that the enhanced relaxation rate 1/rC (eq 
11.9) should apply. 

The longest relaxation rate for the star, 1/7,(f,nb,p), is 
likewise a sum of the rates fs “fixed-tubes” and tube-re- 
newal mechanisms 

bs(f,nb,P)I-l = 7,-1 + ktube(2Nb)RI- l  (IV.5) 
with the two terms on the right-hand side given by (111.18) 
and (11.12), respectively. We recall that T~ (for f > 3) is 
essentially the relaxation time of a single arm (there is no 
need for cooperativity between arms, as is the case for 
diffusion), so that 7,(f,nb,P) is independent off for a given 
arm length. The crossover from suppressed reptation (7J 

to tube renewal occurs for nb greater than some value 
defined by the equality of the two right-hand side terms 
of (IV.5). Substituting from (111.18) and (11.12), we find 
this value to equal nb* (eq IV.4) at  f = 3. 

Rings. A population of ring nR-mers in equilibrium with 
a linear p-mer melt will have a fraction PRL(NR, (eq 111.24) 
of its members in an essentially linear configuration (Figure 
7c) a t  any one time (NR large); if only these molecules are 
able to participate in translational diffusion processes (e.g., 
when p is large so that the entangling environment is to 
all intents and purposes fixed), then we expect the effective 
diffusion coefficient for the sample to be approximately 

DR( nR) N P R L (  NR)DRL (NR) N Drep( nR)e-PNR (IV.6) 

(since each molecule spends a fraction PRL(NR) of its time 
in a “reptating configuration”), where Drep(nR) is the rep- 
tation diffusion coefficient of the corresponding linear 
nR-mer. Then the overall diffusion coefficient for the ring, 
taking tube renewal into account, is 

D ( n ~ , p )  D R ( ~ R )  + Dtube(NR)R (IV.7) 
with a crossover from essentially curvilinear diffusion to 
tube-renewal dynamics at NR*, given at the equality of the 
two right-hand-side terms in (IV.7). Substituting from 
(IV.7) and (11.13), we find (taking /3 = 1, Appendix 111) 

NR*’ 2-10 (IV.8) 

for the range of linear polymer sizes p = 5-200 entangle- 
ment lengths. Since these crossover values are smaller than 
or comparable with NR+ (eq 111.29), it is incorrect to use 
the large-NR limit expression for DR(nR). At NR < NR+ 
a substantial proportion of the ring population is non- 
obstacle-enclosing and may undergo pure reptative 
motion-in this case the effect of tube renewal is weak, 
as discussed in section 11. However, the implication of the 
low values of NR* is that tube renewal will be dominant 
(for a ring in a linear melt) already at NR 1 NR+ and that 
exponentially suppressed reptation will thus be observed 
only over a rather limited NR range. Rather, the diffusion 
will proceed by normal reptation 

D(nR,p) Drep(nR), N R  5 NR+ (Iv.9) 

or by tube renewal 

D(nRtp) Dtube(NR)R, NR > NR+ (IV.10) 
Similar considerations apply to the largest relaxation 

time TR(~R,P) of the ring nR-mer in a linear p-mer melt, 
which is given by 

~R-’ (~R,P)  ‘Q-’(~R) + 7tubL1(NR)R (Iv.11) 

where 

T R ( ~ R )  e R2(nR) /DR(nR) (IV. 12) 

The crossover value at which the two right-hand side terms 
of (IV.ll) are equal is the same as NR*’ (IV.8) and is lower 
than or comparable to NR+; this implies, as for diffusion, 
that a t  NR 5 NR+ one expects relaxation by essentially 
reptative processes, with times 

7R(nR,P) Trep(nR), NR 5 NRc (IV.13) 

and tube-renewal dominance for longer rings 

TR(nR,P) 7tube(NR)R, NR >> NR+ (IV.14) 
Exponentially suppressed reptative relaxation, 7R(nR) (eq 
IV.12), will therefore be effectively be bypassed (or may 
dominate over a narrow range NR 2 NR+) in the mixed 
ring/linear system. In a melt of rings, however, where tube 
renewal may be a negligible process, both DR(nR) and 
T ~ ( ~ R )  may be the relevant processes for large NR (>> NR+). 

To summarize: nR-mer rings in a p-mer linear melt will 
diffuse and relax by approximately normal reptative 
motion for nR 5 nR+ (=NR+nc) and then by exponentially 
suppressed reptation over a narrow range NR+ 5 NR 5 NR* 
(where NR* is somewhat greater than NR+); at NR >> NR+ 
the ring motion will be dominated by Rouse-like tube-re- 
newal processes. 

V. Discussion and Conclusions 
We have treated the dynamics of entangled linear and 

nonlinear n-molecules in entangled linear p-melts as a 
combination of two independent modes: reptation within 
a fixed topological environment (fixed ”tubes”) and a 
general nonreptative motion due to the relaxation of to- 
pological constaints (tube renewal); transitions between 
the regimes are characterized by certain crossover di- 
mensions of the mmers. 

An important modification to earlier models of tube 
renewal is our conjecture that the release rate of the ef- 
fective constraints defining a tube is considerably enhanced 
(by -p1I2) as a result of the nonindependence of the p-mer 
segments adjacent to an entangled n-mer, as discussed in 
section 111. This is a strong assumption; it would not apply, 
for example, if such effective tube constraints consisted 
of individual uniquely entangling molecules p,-mers apart: 
in this case the enhancement would be of the order 
(p1/2/p,) 5 1, unimportant for the normal range of polymer 
sizes. The main implications of the more rapid constraint 
release are (i) that the tube-renewal contribution to the 
relaxation and diffusion process (for an n-mer in a p-mer 
matrix) varies as 

7tube - n2psi2 (V.1) 

(V.2) 
and (ii) tube-renewal processes are hydrodynamically 
screened (Rouse-like) up to high (n/p) values, beyond 
which hydrodynamic interactions become important 
(Zimm-like). The latter regime is explicitly identified with 
the Stokes-Einstein hydrodynamic sphere limit noted by 
Daoud and de Gennes, but the n** values a t  which it is 
attained may be too high to be observed for the usual range 
of polymers available. Equations V.l and V.2 are the 
“free-draining” (Rouse-like) tube-renewal values. 

Two very recent studies have probed tube-renewal 
processes in linear melts. Measurements by the Pau 

of the viscosity of binodal (n-mer in p-mer) poly- 
styrene blends suggest a tube-renewal contribution to the 
n-mer relaxation that is not too far from (V.1). On the 
other hand, experiments by the Cornel1 groupI4 using 

Dtube - n-’ P - 5 / 2  
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nuclear scattering techniques to measure the diffusion of 
deuterated polystyrene n-mers in a protonated p-mer 
polystyrene matrix indicate 

D 0: n-lp-3 07.3) 

in a regime where tube renewal dominates. The range of 
p within this regime is relatively narrow, however, and the 
results may also be consistent (within the scatter) with the 
prediction (V.1). The matrix size p* below which-for a 
given n-tube renewal is observed in these diffusion ex- 
periments is comparable with the values estimated in 
section I1 (Le., p* N (np,2)2/5, from eq 11.14). 

Stars. Treating the entangled star (f-arms, nblarm) 
motion in terms of a generalized diffusion process (coupled 
arm retraction and center motion) in an entropic potential 
field does not change the essential exponentially sup- 
pressed relaxation and diffusion rates proposed in earlier 
 treatment^.^^^^'^ The preexponential arm-length (nb) 
dependence of both D, and 7, does change, but a t  high nb 
values the behavior is dominated by the exponential. 
Recent diffusion studies2’ of three-arm deuterated poly- 
butadiene stars in a fixed, high-molecular-weight, chem- 
ically identical linear melt do seem to show a power-ex- 
ponential behavior that is a rather good fit to the form 

D, 0: ( l /nb)PNb (V.4) 

calculated in section 111. At the highest nb values in this 
study the dependence of D, on nb becomes much weaker, 
strongly suggesting tube-renewal dominance, though the 
data does not extend far enough in nb to discriminate 
between an nb-1/2 (Zimm-like) or an nb-l (Rouse-like) de- 
pendence in the tube-renewal regime. The crossover values 
nb* for diffusion by tube renewal of n-mers in linear p-mer 
melts are much lower than for linear molecules, and such 
studies should provide more readily experimentally feasible 
checks of tube-renewal mechanisms. The actual value of 
fib* in the star diffusion studiesn appears lower (by a factor 
of 2 or so) than the estimates of section IV for such a 
system, though we note that the polydisperse nature of the 
linear-melt matrix used makes difficult any assignment of 
a value for p .  

In the computer simulation study by Needs and Ed- 
wardsz4 of entangled three-arm stars diffusing in a fixed 
obstacle matrix, power-exponential relations were indi- 
cated for both the center of mass diffusion (D,) and the 
relaxation time (T , ) ,  with best fits 

and 

7,  0: Nbl” eXp(&Nb) (V.6) 

The Nb exponents in the preexponential factors indicated 
for both D, and T, are slightly different from those calcu- 
lated (for the high i v b  limit) in section 111, (-0.6 vs. -1 for 
D, and 1.9 vs. 1 for 7,); it is not clear whether this is due 
to a deficiency in the model or to a nonattainment of a 
sufficiently large Nb range or extent of center-of-mass 
motion in the simulation experiment. It is of some interest 
in the context of the computer simulation, where the center 
monomer of the star is allowed to move, that on fixing the 
center monomer the star relaxation time increased by 
between 20% and 80% relative to an unfixed center, and 
this increase in 7, was independent of Nba This compares 
with our calculated increase in 7, by 50% (also independent 
of Nb), when the center monomer is fixed (eq 111.14) rel- 
ative to a free center monomer (eq 111.18). 

The relaxation process in melts of stars may also be 
treated in terms of two independent contributions. How- 

- X 2  0 X P  

Figure 8. (a) Schematic representation of motion of center 
monomer a distance x p  up an arm tube with (b) the corresponding 
potential V(x2).  The motion of the star center is governed by 
a diffusion equation of a particle under Brownian motion in the 
potential V(x,). 

ever, the tube-renewal component in a star melt is clearly 
much slower than for a star in a linear melt-one expects 
the effective constraint relaxation rate to be (self-con- 
sistently) exponentially suppressed at  high Nb. The re- 
sulting relaxation times and diffusion coefficient for suf- 
ficiently large Nb are given by the corresponding “fixed- 
tube” values, and one expects the zero shear rate viscosity 
qoscf,Nb) of such a melt to scale as the single-arm relaxation 
time T,l(Nb)/nb. Similar conclusions (with different power 
dependences on the arm length but always with the dom- 
inant exponential term) have been reached earlier; we 
recall however our conjecture (section 111) that ?7,(3,Nb) 

One fiial comment is in order; the activation energy Qvs 
for the viscosity of entangled star melts is found to be 
higher for some polymers (e.g., hydrogenated PBD) than 
Q V L  for the corresponding linear melts,37 and in addition 
the difference varies with the arm length Nb Furthermore, 
in a very recent study, the activation energy QDs for the 
translational diffusion of three-arm polyethylene-like stars 
(in a highly entangled linear-melt matrix) was measuredz7 
and found to be higher than both QDL (for diffusion of the 
corresponding linear polymer) and Qvs (for the same 
number of arms and Nb). Whatever the molecular origin 
of these  difference^,^^ it is important to take them into 
account in comparison of viscosity and diffusion data be- 
tween star and linear polymers, as well as in the intepre- 
tation of the variation of these dynamic quantities with 
Nb for melts of homologous stars. 

Rings. Preliminary experimental data on diffusion and 
viscosity in entangled ring melts (and rings in linear melts) 
have only very recently been r e p ~ r t e d , ~ ~ , ~ ~  though they 
should become more available in coming years.44 Our 
discussion of diffusion and relaxation of entangled ring 
nR-mers has been less detailed than for stars; at sufficiently 
high nR one expects exponentially suppressed reptation 
and relaxation for “fixed” tubes (or ring melts, for example) 

DR N e-PNR 07.7)  

2/37,,(f,Nb) for f > 3.43 

omitting power-dependent prefactors (where the constant 
p is comparable with the corresponding exponential factor 
for stars). For rings in linear melts, tube renewal soon 
takes over. 

It is important to note that the limiting forms (V.7) and 
(V.8) strictly apply only at  NR (=nR/nc) >> NR+, where NR+ 
is of order 10 (entanglement lengths): for ring sizes lower 
than or comparable with NR+, there is an appreciable 
probability of rings not enclosing any entanglements (for 
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. .  

Figure 9. (a) Representation of arm retraction, with a fold length 
x1 along the tube, and (b) the corresponding potential U(x,). The 
motion of the arm tip is governed by the diffusion equation of 
a particle in the potential U(xl). 

-xz  - ’ +- ----’+X2 
‘NbE i N b E  bE 

+ 
XI  

Figure 10. (a) Combination of the motions in Figures 8 and 9. 
The resultant motion may be represented as diffusion of a particle 
on the inside walls of an upturned pyramid as shown in (b), subject 
to a potential U(x,,x,) that is the height of the pyramid walls at 
(x1,x2) above the x1-x2 plane (eq AII.1). 
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Figure 11. An NR-step random walk on an obstacle lattice, taking 
NR/2 steps at random and retracing them exactly with the re- 
maining NR/ 2 steps, approximates a nonramified, non-obsta- 
cle-enclosing ring as in Figure 7c. 

the reasons discussed in section 111); their behavior is then 
expected to be qualitatively similar to that of entangled 
linear molecules. The overall diffusion and relaxation of 
rings of intermediate lengths (straddling the value N+) will 
then be a combination of pure reptative motion, expo- 
nentially suppressed reptation, and tube-renewal effects. 
This implies that interpretations of experimental data in 
terms of molecular relaxation mechanisms are probably 
best carried out for the range N R  Z ~NR’, where the lim- 
iting relations (V.7) and (V.8) (or the appropriate tube- 
renewal expressions in the case of a linear p matrix) should 
apply. 
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Appendix I 
The form of the potential U(x,) is illustrated in Figure 

8. The motion of the center monomer C in this potential 
is given by eq 111.7, which may be rewritten as 

a ~ ( x ~ , t ) / a t  = - a x 2 ) ~ ( x 2 , t )  (AI.l) 

where the operator 

Define 

r(x2) = 1- P(x2, t )  dt 
t=O 

(AI.2) 

so that the first passage time (Le., the expectation time 
for C to “escape” at x 2  = is 

(AI.3) 

Now operate Jcdt on both sides of (AI.l) 

Since P,(x2 ,m)  = 0, this gives (on operating L) 
D 2 d (  7’ + E U ’ )  7 + P(x,O) = 0 (AI.4) 

ax2 

where primes are derivatives with respect to x 2 .  P(x,O) is 
the equilibrium probability of finding the center monomer 
C a distance ( x , ~ , x ~ + ~ x ~ )  up one of the arm tubes, which 
is given by a Boltzmann distribution 

P(x,,O) = Ae-u(xd/kT 

where the normalizing constant A is 
NbE a! 

- t A = IN& exp[-U(x)/kT]-l dx for Nb >> 1 

The boundary conditions on eq AI.4 are T(-Nb[) = T(Nb[) 
= 0. The solution to eq AI.4 for r is straightforward 
(though care must be taken because of the cusp at the 
origin), giving 

(AI.5) 

for x2 2 0, with a similar form (but letting all x 2  2 -xz) for 
x2 I O .  
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Then the first passage time is 
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associated with the configuration (x1,x2): this can be 
represented as an upturned four-sided pyramid with edges 
parallel to orthogonal xl, x 2  axes (Figure 10) and its vertex 
at the origin (0,O). The motion represented by eq 111.16 
is that of a point moving by Brownian motion on the inside 
walls of the pyramid subject to the potential 

U(x1,xJ = U(X1) + U(x2) = (2CY/O(IXlI + Ix2l)kT 

which is the "height" of the wall at (x1,x2) above the x1-x2 
plane. Sections through the origin parallel to the x1 and 
x2  axes reproduce the potentials U(xl )  and U(x2) shown 
in Figures 9 and 8. The motion of the diffusing point in 
the x1 direction (with diffusion coefficient D1) and in the 
x2 direction (with diffusion coefficient D2) is independent, 
and a basic diffusion step as shown in Figure 7 is taken 
whenever the particle "escapes" the inside of the pyramid 
at its base edges, i.e., whenever 

21x11 + 1x21 = N b l  (A11.2) 

This implies the boundary condition P(xl,x2,t) = 0 on the 
base edges (A11.2). 

The solution to (AII.1) subject to the boundary condition 
on P(x1,x2,t) may be carried out numerically. Here we 
adopt a more physical approach. First, rewrite (AII.1) as 

a w d t  = [L,(x,) + L ~ ( X ~ ) I P  (AII.3) 

with the operators 

and has a dominant term, for Nb >> 1 

(AI.6) 

on substituting for A .  
As the motion is within tubes and involves farms of the 

molecule (where f = 3 has been assumed in the calculation 
(i.e., U = (2a/5)(f - 2)IxjkT (2a/[)(x(kT for f = 3) we 
expect D2 to equal the curvilinear diffusion coefficient of 
an fnb-mer linear molecule 

from eq 11.3-11.5. On substituting in (AI.6), we have 

where 2 a  - 2a(f - 2) in the exponent for a general f I 3. 
This is the value of 7 , 2  given in eq 111.10 in the text. 

For the single-arm retraction, with a fixed center, the 
diffusion equation (in this case for motion of the tip of an 
arm, in the potential field U(xJ = (2a/E)lx1lkT) is very 
similar to eq 111.7 and has the form 

where U(xJ has the form shown in Figure 9 and D1 is the 
diffusion coefficient associated with the curvilinear motion 
for folding the single arm. The other difference from the 
equation for P(x2,t), eq 111.7 or AI.1, is that the boundary 
conditions are now P(xl,t) = 0 at x1 = *Nb5/2, since a 
topological step may be taken when the length xl of the 
folded configuration is half of an arm length Nbf' (Figure 
9). 

The procedure for solving (AI.9) is identical with that 
for solving (AI.l) and gives an expectation time whose 
dominant term (for Nb >> 1) is 

Putting 
D1 = Dc(nb/2) ( A I . l l )  

and substituting from eq 11.3-11.5, we find 

7rep(nb) 
( 7 ) 1  = -eaNb 

802Nb2 

which is the expression for TS1, eq 111.14. 

Appendix I1 
The general mode for the basic diffusion step shown in 

Figure 6 is reproduced schematically in Figure 10 and 
obeys the coupled diffusion eq 111.16 

It is instructive to draw the form of the potential U(x,,x,) 

(since ldU/dx,l = ldU/dx21 = 2akT/[). 
Define 

and operate J td t  on both sides of (AIII.3). 
This gives 

P(X1,X2,m) - P ( x ~ , x ~ , O )  = [Lc, + &2]7 (AII.4) 

Now P ( x 1 , x 2 , m )  = 0, and P(xl,x2,0) dx, dx, is the equilib- 
rium probability of finding the diffusing particle a t  
(xl,xl+dxl), (x2,xZ+dx2), given by a Boltzmann factor 

P(x,,x,,O) = AOe-2alxll/€e-2a/x21/€ 

where the normalizing constant is 

for Nb >> 1 (AII.5) 

Equation AII.4 becomes 
(L ,  + L2)7 + Aoe(-2a/~)(lxil+l*zl) = 0 (AII.6) 

Since we assume the center monomer motion (varying 
x2) and the arm-retraction mechanism (varying xl) are 
independent modes, consider T ( X ~ , X ~ )  for a giuen x1 (written 
T , , ) .  This corresponds to diffusion of our particle along 
the broken line in Figure 10, given by a section of the 
pyramid at x1 parallel to the x 2  axis. Along this line the 
diffusion equation becomes 

1 2 7 , ,  + A'~(-"/€)I~zI = 0 (AII.7) 

with the boundary condition 7, = 0 at x 2  = f(Nbt - 21x11) 
and A'= A,-,e(-2aIC)IX11. Equation AII.7 may be readily solved 
for T , ~  (which corresponds physically to all diffusion modes 
with a fixed amount of arm folding and a center monomer 
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which moves up an arm tube); an overall expectation time 
for this mode may be obtained over the various mode 
configurations x 1  

Dynamics of Entangled Polymers 117 

If we identify y with the value a N 0.6-0.7 obtained by 
fitting to viscoelastic data on star me1ts,21,22,24 we find the 
plausible value z N 10 as an effective “coordination 
number” in polymer melts. We then rewrite eq AIII.1 

with a leading term 

AOf4 
( 7 x 1 ) x ,  = -ezaNb for Nb >> 1 (AII.8) 

12a4D2 

on solving eq AII.7 explicitly for 7x1. 

Similarly, we can fix x 2  and consider diffusion along the 
cut represented by the dotted line in Figure 10. This leads 
to a diffusion equation for 7, similar to (A11.71, and an 
overall expectation time for all modes (where the center 
is fixed at different points x 2  up an arm tube and the rest 
of the arm retracts) obtained over the various configura- 
tions x 2  

with a leading term 

Because of the exponential, we have 
(7,1)xz >> ( T ~ , ) , ,  for Nb >> 1 (AII.10) 

The physical significance of this is that most diffusive steps 
(i.e,, escape at the pyramid base edges) will take place at 
lower x 2  values (center motion up a tube) and corre- 
spondingly higher x1 values, as we would also expect in- 
tuitively. To a good approximation then we take the ex- 
pectation time for the general mode of Figure 7 as 7, N 

(7X2)ax1. Substituting for A,, and D1 (eq AII.5 and AI.ll),  
we find 

as given by eq 111.18 in the text. 

Appendix I11 
We wish to estimate the probability PRL(NR)  that an NR 

step cyclic random walk on an obstacle lattice has a non- 
ramified, non-obstacle-enclosing (“sausagelike”) configu- 
ration as indicated in Figure 7c. 

At the crudest level we may impose the requirement that 
after NR/2 steps, the remaining NR/2 steps must exactly 
retrace the initial steps (Figure 11). In a x-coordination 
lattice the total number of ways an NR walk can come back 
to itself is Q1 = P(0)zNR, where P(0) N NR-~/’ (eq 111.21). 
The number of ways of taking the first N R / ~  steps is just 
Q2 = z N ~ l 2 ,  and if we impose exact retracing by the re- 
maining steps, there is just one way of doing this, so that 
the probability may be estimated as 

PRL(NR) = Qz/Q1 ( c o n s t ) N ~ ~ / ~ ~ - ~ ~ / ~  (AIII.l) 

(AIII.l) represents a lower bound on PRL, since in 
practice we may regard sausage structures as nonramified 
(for purposes of diffusion) even if they have “small” un- 
entangled loops sticking out, as indicated in Figure 7c. 
However, (AIII.l) gives us a feel for the problem. Lattice 
expressions for the constant y appearing in eq 111.3 for 
P,(N) have the form22v24 

y = log [2/2(2 - 1)1 /2 ]  

where /3 N 1.1 for z = 10. The limit of this expression at 
large NR appears as eq 111.24 in the text. 
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ABSTRACT Brownian dynamics is used to simulate fluorescence depolarization and depolarized light scattering 
from a discrete wormlike chain model. Flexible constraints are used to hold adjacent subunits at a nearly 
constant separation. "Experiments" with rigid and flexible constraints were essentially identical. Preaveraging 
hydrodynamic interaction was found to have a negligible effect on 10-subunit chains for the experiments carried 
out in this work. Simulations on 30-subunit chains were carried out with preaveraging. Fluorescence 
depolarization was observed to be more sensitive to internal motion than depolarized light scattering. The 
fluorescence depolarization was also found to be very sensitive to the persistence length. Excellent agreement 
between the Barkley-Zimm theory of bending (Barkley, M. D.; Zimm, B. H. J. Chem. Phys. 1979, 70,2991) 
and the fluorescence depolarization simulations was also obtained. 

I. Introduction 
Computer simulations of long-range motion in macro- 

molecules have increased greatly in recent years. Because 
these motions are generally slow, techniques other than 
conventional molecular dynamics must be used to study 
them. Brownian dynamics simulation methods have 
proven to be particularly useful in this To cite 
a few applications, they have been used to study backbone 
motion and isomerization in simple chain  molecule^,^-^ 
hinge bending'O and helix-coil transitions'l in proteins, 
ring-closure dynamics in alkane chains,12 biomolecular 
diffusion-controlled reactions,13J4 transport properties of 
rigid and flexible macromolecules,15 and fluorescence de- 
polarization from hinged macromolecules16 as well as DNA 
restriction  fragment^.'^ Brownian dynamics is an appro- 
priate method for highly damped systems and is the dif- 
fusional analogue of molecular dynamics. The simulation 
is carried out by numerical integration of the Langevin 
e q ~ a t i o n . ~ - ~  The solvent is represented by suitable fric- 
tional and random forces and possibly by modified po- 
tentials of mean force. A recent review by McCammon 
gives a clear physical picture of Brownian motion in the 
context of protein dynamics.18 

The focus of this article is the bending and overall 
motions of wormlike chains. Wormlike chains are realistic 
models for stiff linear polymers like DNA. Analytic the- 
ories of Gaussian or Rouse-Zimm model chains, as pio- 
neered by Kirkwoodlg and Zimm,20 have been successful 
in interpreting long-time (low-frequency) experiments on 
high molecular weight polymers. These models are, how- 
ever, inadequate when the short-time or high-frequency 
behavior is of interest. Dielectric dispersion, fluorescence 
depolarization, NMR, depolarized light scattering, and 
perhaps polarized dynamic light scattering at a large 
scattering vector are several experimental methods that 
probe rapid internal motions of polymers. 

The fluorescence anisotropy decay of ethidium bromide 
bound to DNA is an illustrative example of rapid internal 

motion in stiff  polymer^.^^-^^ Because the emission dipole 
of the dye is tilted by about 70' from the local helix axis, 
torsional rather than bending motions are primarily re- 
sponsible for this depolarization. Nonetheless, the latter 
motions do contribute. Analytic theories by Barkley and 
Zimm,25 and by Allison and Schurr,26 as well as a recent 
analysis by Yoshizaki et  al.,27328 accurately reproduce the 
nonexponential decay. Hence, the experiments appear to 
confirm the theories with regard to torsional motion. In 
addition to torsion, the theories of Barkley and ZimmZ5 and 
Yoshizaki, Yamakawa, and ~ o - w o r k e r s ~ ~ , ~ ~  account for 
bending as well. Unfortunately, it has not been possible 
to study bending motions directly (in the absence of tor- 
sion) by fluorescence depolarization, since this would re- 
quire the bound chromophore to have its emission dipole 
parallel to the local helix axis. An alternative is to carry 
out computer "experiments" on well-defined model sys- 
tems. 

In this work, the technique of Brownian dynamics is 
used to simulate fluorescence depolarization from a dis- 
crete wormlike chain model of DNA in which the emission 
dipole is in a parallel configuration. Depolarized light 
scattering is also illustrated. Chains made up of 10 or 30 
subunits are used where the longer chains have a contour 
length of about 920 A. For 10-subunit chains, simulations 
with preaveraged and without preaveraged hydrodynamic 
interaction are compared and shown to be in good agree- 
ment with each other. This is consistent with the results 
of Garcia de la Torre and co -worke r~ .~~  All simulations 
on 30-subunit chains have preaveraged hydrodynamic in- 
teraction. 

In the next section, we first present the discrete worm- 
like chain model. The Brownian dynamics algorithm is 
briefly described along with the treatments of hydrody- 
namic interaction that are used. A description of how one 
simulates a particular experiment concludes this section. 
In section 111, we first examine the effects of varying the 
stretching force constant and preaveraged hydrodynamic 
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